Abstract When exploring a sample composed with a set of bivariate density functions, the question of the visualisation of the data has to front with the choice of the relevant level set(s). The approach proposed in this paper consists in defining the optimal level set(s) as being the one(s) allowing for the best reconstitution of the whole density. A fully data-driven procedure is developed in order to estimate the link between the level set(s) and their corresponding density, to construct optimal level set(s) and to choose automatically the number of relevant level set(s). The method is based on recent advances in functional data analysis when both response and predictors are functional. After a wide description of the methodology, finite sample studies are presented (including both real and simulated data) while theoretical studies are reported to a final appendix.
from the example depicted in Figure 1 . Parts a) and b) of Figure 1 show two densities exhibiting rather different structural shapes: one is clearly unimodal while the second one presents two different modes. Parts c) and d) of Figure 1 represent the same two densities by means of 6 level sets (those having probability content α i are 0.02, .1, .25, .50, .75, .95). In this example, high level sets (α = .95 or .75) do not let appear any difference between both densities and middle level sets (α = 0.5 or 0.25) show a small difference but still do not detect the main structural difference between both densities since both seem to have a single mode. In counterpart, small level sets (α = 0.1 or 0.02) are clearly depicting these main structural changes. This simple example shows the importance of the choice of the level(s) when representing a bivariate density function. Data-driven ways for driving this choice for depicting a single density have been studied in the literature and various methods have been proposed (see [6] for general discussion).
The purpose of this paper is to address this question in the situation when not only a single density function f has to be represented but when a sample f 1 , . . . , f N of densities has to be analysed. While apparently the problem looks similar there are at least three major differences. First of all note that the question of representing a sample of densities by level sets is even more important than for a single density, since in an obvious way there is no means for making interpretable any joint representation of surfaces like the ones depicted in parts a) and b) of Figure 1 . Secondly, plots presenting many different level sets (like the plots c) and d) in Figure 1 ) become totally uninformative when one has to represent jointly various densities, and so the question of how choosing in an automatic way a few levels sets of interest is even more crucial than for representing a single density. Last but not least point to be highlighted, is the fact that the question of data-driven levels cannot be solved in a simple and naive way just by applying repeatedly existing methods for a single density representation, because in order to detect possible differences and/or similarities between some of the f i it is necessary to find probability contents α j which are common to the whole sample. As far as we know, this question of optimal level sets representation for a family of densities has not been widely studied in the literature (see however [6] for a first approach).
The route followed in this paper consists in modelling the links between a level set C α and its underlying density function f as a regression problem. If one wishes to select only one level, this is a regression problem with functional response (namely, the density f ) and a single functional covariate (namely, the set C α ). In the general framework when one wishes to use various level sets, this is also a functional regression model but with multi-functional covariates (namely, C α1 , . . . , C α J ). This regression problem involves variables being of a high degree of complexity, and has therefore to be modelled in a flexible nonlinear way and nonparametric modelling is a natural candidate for that. Moreover as motivated in earlier literature for multivariate data in [23] the presence of more than one covariable may do necessary the use of additive structure for dealing with possible sparseness effects. Recent advances on functional data analysis allow to develop as well nonparametric ideas to propose flexible models for one functional covariable (see [11] , [12] ) as well as additive ideas to deal with multi-functional problems (see e.g. [1] , [13] or [14] ). These ideas will allow for estimating the regression link between the sets C α1 , . . . , C α J and the density f and then in solving the problem of data-driven selection of the levels by choosing the values (α 1 , . . . , α J ) for which the regression estimates lead to the best prediction of the density f . Of course, the number of level sets J plays a crucial role since it should be sufficiently high to reflect as much as possible informations on the densities but also sufficiently small for providing interpretable plots. In a natural way, the additive structure proposed in this paper allows to use penalised least squares techniques for constructing a datadriven choice of J.
The paper is organised as follows. In a first attempt, after having stated a precise definition for a single optimal level set, the methodology for estimating it is developed in Section 2. Then, this is extended in Section 3 by means of functional additive ideas for estimating various optimal levels (α 1 , . . . , α J ). As pointed in Subsection 3.3, one will also derive data-driven estimation of the dimensional parameter J, and as far as we know this is the first paper in which a solution to this problem is proposed. We decided to put the mathematical study of the asymptotic properties of the estimates into a final Appendix, and to emphasise rather on the computational issues (see Section 4) and on the finite sample behaviour of the methods (see Section 5) . To improve the reading, the paper is firstly presented in the simplest situations when the densities f 1 , . . . , f N are fully known, but it is available for set of estimated densities. More precisely, Section 6 will discuss how the methodology directly extends to situation when each density is itself obtained by a preliminary smoothing procedure. In Section 7 a real data example is introduced in the context of electoral data in Spain: the joint density of two relevant variables (participation in an election contest, and proportion of votes cast for a particular option) is represented by level curves in several municipalities, and one applies all the previous methodology to these Spanish electoral data.
Data-driven optimal level set
In this section one starts with the simple problem of choosing a single level set C α for depicting densities data (one will address in Section 3 the more general question of deciding whether more than one levels, and how many, can be of interest and how estimating them). We are in the situation in which one has a sample of bivariate densities available: f i , i = 1, . . . , N . For each value of α ∈]0, 1[ we denote by C α,i the level set with probability content α associated with each density f i , and by C α the level set with probability content α associated with an other generic density f . Precisely, C α satisfies the probability condition Cα f = α and can be written, for some ψ (depending on α) on the form:
The idea is to find a functional link between the set C α and the corresponding density f , and then to use this functional link for choosing the most relevant value of α. This section is structured in the following way. Section 2.1 fixes some general notations while Section 2.2 presents the methodology for selecting in a data-driven way the most relevant value (let sayα). Theoretical study of the procedure is reported to Section A in the Appendix.
Some notation
In a standard way, each level set C α is supposed to be an element of
and a way for measuring the proximity between two elements C 1 and C 2 of C consists in using the semi-metric
λ being the Lebesgue measure on R 2 . In an other hand, each density function f is supposed to be an element of D ⊂ {Bivariate densities on R 2 having compact level sets}.
To measure the similarities between two density functions one can use standard functional distances. For seek of simplicity of presentation, in this paper we only consider L 2 -type measures of proximity by considering, for a given known link operator φ 1 , the following metric on the space F ⊂ φ(D),
that can also be denoted by ||g 1 − g 2 ||. Examples of operators φ and guidelines for choosing it in practice will be given in Section 4.
Data-driven optimal level set choice
Let us for the moment fix the value of α. Looking for the link between a level set with probability content α and its corresponding density f can be addressed by means of a regression model
where g = φ(f ) for a fixed known operator φ, α is a random element of L 2 (R 2 ) with zero mean, and R α : C → L 2 (R 2 ). The main feature is to be a functional 1 Note that the choice of this operator belongs to the user. Letting this choice open increases the flexibility of the method. From a mathematical point of view, φ should be a one to one correspondence such that
). An example of natural choice is φ = log with D such that for any f ∈ D one has that log(f ) ∈ L 2 (R 2 ).
on functional regression problem, in the sense that both the explanatory variable (i.e., the level set C α ) and the response (i.e. the function g) are complex mathematical objects lying into infinite dimensional spaces. Identifiability of the model is reported to Section A in the Appendix.
Our wish is to estimate the value of α 0 leading to the best representation of the density function, then it is natural to construct estimates of the operators R α and then to look for the value α for which the corresponding estimate gives the best prediction of the response g. Precisely, each nonlinear regression operator R α is estimated by means of the following functional kernel regressor. Given the sample of densities {f i , i = 1, . . . , N } we consider the corresponding pairs (g i , C α,i ), and the operator R α is estimated at any new element c ∈ C bŷ
which is the weighted average of the g i for which the corresponding level set C α,i is closed from c, closeness having to be understood with respect to the semi-distance d λ between level sets. The form of the weights is defined by means of an univariate real kernel function K, while the parameter h = h(n) > 0 acts as a smoothing parameter. Comments including practical guidelines for choosing the various parameters of these estimates will be given along Section 4.
Technical conditions ensuring good asymptotic properties of these estimates are recalled in the Appendix, but it is worth being pointed at this stage that (as in any nonparametric problem) the quality of the estimate is directly linked with the smoothing parameter (i.e. with the bandwidth h). That means that the choice of α will be strongly impacted by the smoothing parameter h. Therefore, both quantities h and α must be selected simultaneously. If we denote by Θ N = H N ⊗A N the set of possible values for the pair (h, α), natural choices for h and α are defined to be those (assumed to exist) leading to the smallest error when estimating the operator R by the kernel oneR h,α , namely:
where
W being some given weight function. Practical guidelines for choosing the various parameters entering in this method (namely W , H N and A N ) will be given along Section 4.
Unfortunately, the values (h 1 , α 1 ) are uncomputable in practice and the main challenge is to be able to construct data-driven approximations of (h 1 , α 1 ).
As previously described in [15] , a way for choosing parameters in nonparametric regression is to use cross-validation ideas (these ideas have been recently extended for choosing h in the functional setting which is our purpose in this paper). Because the level α has to be selected jointly with the bandwidth h, one do that in the following way:
3)
In this formulaR
h,α is the leave-one-out version of the estimateR. The theoretical assesment of this procedure will be given in Theorem 1 (see Section A in the Appendix) which states that the cross-validated probability contentα gives (asymptotically) the same minimal error as the uncomputable value α 1 . As a direct consequence of this result one will get the consistency of the datadriven selected probability contentα towards the true theoretical optimal one α 0 (see Corollary 2 in Section A of Appendix).
Choosing more than one level set
At this stage, the methodology described in Section 2 before provides an automatic way for choosing an optimal level set for representing the density sample f 1 , . . . , f N . In order to improve the representation of these densities, one wishes to use more than one level sets (let say α 1 , . . . , α J ) and the aim of this Section 3 is to extend the previous methodology to this setting. The main difficulty comes from the fact that, in regression problems with multi-covariates the nonparametric modelling suffers from sparseness effects and new models have to be developed. We will describe in Section 3.1 how additive models ideas can be useful for this purpose, while Section 3.2 will construct optimal datadriven choices for the probability contents α 1 , . . . , α J . Finally, and this is not the least point, the visualisation constraints put in force the importance of the dimensional parameter J. A good choice of J has to balance both the need for high degree of informations about the densities (that means that J should be large enough) and the wish for insuring interpretable plots (J should be small enough for that). Based on functional adaptation of model selection ideas, Section 3.3 will present an optimal data-driven way for estimating J.
The methodology
Additive ideas have been developed in multivariate nonparametric analysis in order to balance the trade-off between flexibility of the model and sparseness of the data (see for instance [23] ). Here, because the problem is a multifunctional one, additive modelling becomes a natural candidate for modelling in a nonparametric way the fact that more than one level set may lead to better reconstruction of the response g than a single one. The model is defined as follows:
Identifiability will be discussed in Section B of the Appendix. Estimation in this additive model can be performed in some iterative way by using a kernel operatorial estimate at each step like the one defined in (2.2). Specifically, given J, and given some vector of probability contents (α 1 , . . . , α J ) as well as some vector of bandwidths (h 1 , . . . , h J ), the additive estimates are constructed by puttingR 1 h 1 ,α 1 as defined in (2.2), and then by regressing successive residuals in the following way:
2)
In a functional framework, this procedure is proposed in [13] , in which various asymptotic properties of the estimates of the additive components are given. In this paper the reader will find asymptotic results concerning each functional additive estimated componentR j h j ,α j . Here, our wish is to discuss briefly how the methodology presented before in this paper may lead directly to a data-driven way for estimating the number of terms to be involved into the additive model. Of course, the data-driven choice of this dimensionality parameter cannot be addressed without taking into consideration the question of choosing the various bandwidths h j and the various probability contents α j .
Data-driven choices of the relevant levels
In a first attempt, we select the parameters (h j , α j ) jointly step by step by means of the cross-validation ideas presented above in Section 2.2. Specifically, the first probability content and the first bandwidth are chosen as defined in (2.3), and subsequently at each step the pair (h j , α j ) is chosen as:
In this formula, for any k,R
In Section B of the Appendix (see Theorem 3) one states the consistency of this data-driven selected level.
Data-driven choice of the number of relevant levels
A naive way for choosing the number of relevant levels would consist in minimising (now, over J) once again an error criterion, but this would lead to obvious over-estimation of J 0 and would avoid for easy interpretation of the outputs. This phenomenon is typical of any dimensionality estimation problem (see for instance [24] for a general discussion in the standard multivariate analysis) and an usual way to solve the problem is to introduce some dimensional penalty. Precisely in our problem, one may use a penalised version of the cross-validation criterion defined before, and this leads to choosing J in the following wayĴ = arg min
The dimensionality penalty parameter λ N must tend to 0 to prevent the good asymptotic behaviour of the cross-validation criterion from being affected. So we assume that: lim
Practical guidelines for choosing this penalty in practice are described along Section 4 while theoretical assessment of the procedure is provided along Section B of the Appendix (see Corollary 4).
Computational issues

Choosing the parameters of the nonparametric estimates
As in any nonparametric problem, the behaviour of kernel estimates does not depend so much on the weighting function K and the usual Epanechnkow kernel
can be used, while the choice of the bandwidth needs much more attention. While cross-validation is known to be an optimal tool for data-driven bandwidth choice in functional data situations (see [19] ), the choice of the set H N on which the selection has to be made (see Section 2.2) is a crucial point, since it should be sufficiently large to capture easily the optimal bandwidth but should not be too large for trivial implementation reasons. The way for balancing this trade-off is to use k-NN (i.e. k nearest neighbours) ideas. As it has been theoretically proved in [17] the estimate (2.2) has the same asymptotic behaviour as the following k-NN one:
where h k = min{h, #{i = 1, . . . , N, d λ (C α,i , c) ≤ h} = k}, in such a way that looking for an optimal value of h can be reduced to the question of choosing an optimal value of k which is a much easier problem in the sense that k is a discrete parameter lying into a finite set K N . In a concrete way, the criterion CV (see again Section 2.2) has to be minimised over
Note that K N can be chosen as being rather small. For instance, for a sample of size N = 50 one could reasonably use
The same k-NN procedure can be obviously used for the kernel additive regressors defined in (3.2).
Chosing other parameters
The other parameters to be chosen are not really statistical parameters but depend more on the results one wishes to have. For instance the size of the set A N of possible probability contents does not need to be very large to provide interpretable results. As a matter of example, for a size N = 50 a reasonable choice can be As it is usual with cross-validation methods, the weight functions W (.) have no strong influence on the results, and we used the simplest choice
where C 1 is the common support of the simulated density functions. Finally, concerning the operator φ, its choice depends really on the goals of the study and on the features of the densities that one wishes to highlight. The simplest choice is φ(h) = f . In other problems, if one is more interested in the variations of the densities than on their exact values, other choices can be to use derivative
k . An other natural choice, is to look at logarithms of densities and in this case one can take φ(f ) = log f.
(4.5)
Choosing the penalization
As motivated in a general multivariate analysis in [24] , least square penalisation is an usual way for dealing with dimensionality choices. The question when applying a penalised cross-validation criterion such as in (3.3) is the choice of the penalty term λ N . While this can be a difficult task in very high dimensional problems and specific sophisticated penalty have to be introduced such as the usual SCAD'one 2 defined in [7] or [8] (see also [5] or [22] for recent advances), it is much more easy to deal with in the purpose of this paper since for obvious interpretability reasons the number J of relevant levels has necessarily to be very small. This is why we decided to use the simplest choice, as already used in other dimensionality problems involving functional data (see for instance [9] and references therein): 
where ϕ is the density function of a bivariate normal random variable (with obvious notation) and I 2 is the identity matrix of size 2. The various parameters of the model insure a very wide scope of possible shapes for the generated densities, covering for instance as well standard unimodal Gaussian functions like the one depicted in part a) of Figure 1 (in this case, ν = 1 and µ 1 = µ 2 = 0) as bimodal densities like the one depicted in part b) of Figure 1 (in this case, ν = .92, µ 1 = 1, µ 2 = 2, σ = .25, ρ = 1 and θ = π/4). Let us point several characteristics of densities f (x, y) defined by (5.1). Observe that (excepted when ν = 0 or 1) they are a mixture of two unimodal densities, being bimodal for ρ sufficiently large (or σ small). Figure 2 represents the general form of such densities, highlighting the role of each parameter entering in the model, the level sets being used for the representation of f being at this stage arbitrarily chosen to be those with probability contents α equal to 0.02, 0.1, 0.25, 0.5, 0.75 and 0.95. Note that two of these densities with common parameter ρ can be transformed into each other by a rotation and a translation. Given two of these densities differing only in parameter θ (a rotation with centre (µ 1 , µ 2 ) transforms one into the other), their level sets with probability content α ≥ 0.75 are almost equal, while those corresponding to small values of α (say α ≤ 0.1) present large differences. On the other hand, two densities f and f with location parameters µ = (µ 1 , µ 2 ) and µ = (µ 1 , µ 2 ), with µ − µ moderate or large (say µ − µ ≥ 1) will present large differences in level sets corresponding to large values of α (say α ≥ 0.5), but level sets corresponding to small values of α may not be so large (for instance, the level sets with probability content α = 0.05 of f and f are almost coincident when µ 1 = −1, µ 1 = 1, µ 2 = µ 2 = 0, ρ = ρ = 1, θ = 0, θ = π, because both have their highest mode at (0, 0)).
Presentation of the models
In order to cover a large variety of situations we have considered 7 different models, obtained in the following way. We have generated random samples of densities according to (5.1) by taking random values of θ, µ i , i = 1, 2, and ρ (the other parameters being fixed to ν = 0.05 and σ = 0.25). Specifically, θ ∼ U (0, 2π), ρ ∼ U (1 − r, 1 + r) and µ i ∼ U (1 − m, 1 + m), i = 1, 2. We have considered 7 different cases (or models) to generate random densities according to (5.1), corresponding to specific choices of r and m as summarised in Table  1 . One may observe that in the simplest case (Model 1) the densities only differ in θ, while in Models 2, 3 and 4 differences in location and orientation are allowed (but ρ is still fixed to be equal to 1 in these three models). Finally, Models 5, 6 and 7 describe more complex situations in which all parameters may vary from one density to each other.
Presentation of the study
One aims is to show the finite sample behaviour of the methods presented before in this paper. So, for each among these 7 models, a random sample of N = 50 density functions has been generated, and this learning sample is used to compute the various different estimates. Moreover to assess the validity of the method we have also generated an independent second test sample f ts i , i = 1, . . . , N ts of size N ts . Because the role of N ts is of small interest for our purpose we just took as size for this testing sample the simplest one N ts = N . Then in each case, five additive models (one for each J ∈ {1, . . . , 5}; see equation (3.1)) are fitted for each of the 7 samples, as explained in Section 3. Observe that the additive model corresponding to J = 1 coincides with the nonparametric model (2.1) described in Section 2. All along the study the various parameters entering into the statistical procedures have been chosen automatically according to the guidelines described along Section 4 before.
The additive methodology in action
As motivated in Section 4.1 the various kernels entering into our procedure have been chosen according to (4.1) and the operator φ is the one defined in (4.5). For each model, we compute the estimates based on the learning sample. This includes the following calculations: -α j ,k j , according to the guidelines described in (4.3) and (4.4). Observe that for any J ∈ {1, . . . , 5} the value of j goes from 1 to J, and thatα j andk j are the same for all J ≥ j.
The cross-validation (leave-one-out) estimate of the mean squared prediction error. The quantity CV
is the total sum of squares estimated by leave-one-out (Q
is defined in equation (3.2) ).
Then, to see how the various fitted additive models behave, we have applied these estimates to the testing sample, and we have computed the following quantities:
2 , the mean squared prediction error in the testing sample. -R 2 ts,J = 1 − MSPE ts,J /MSS ts , where
is the mean sum of squares estimated in the test sample.
Observe that, for J = 1, the statistics CV 1 (k 1
The results obtained for these various statistics are presented in Table 2 .
Comments on the results
A summary of the main conclusions of the results in Table 2 can be drawn as follows. First of all, we can observe that the optimal α values increase with the variability in µ i , i = 1, 2, as was expected: larger level sets indicate large differences in location more clearly. Secondly, the effect of randomness in parameter ρ is limited: cases 5, 6 and 7 are similar to cases 2, 3 and 4, respectively. Thirdly, in case 1, almost all the variability between densities is explained by using only one level set (that with probability content α = 0.25), while in cases 2, 3, 5 and 6,Ĵ = 2 components are required in the additive model: the first optimal probability contentα 1 is large (0.65 or 0.75) and explains the differences in location between densities; then the level sets corresponding toα 2 are smaller (0.05 ≤α 2 ≤ 0.25) and detect the orientation of the highest mode with respect to the lowest one. For cases 4 and 7 (maximum variability in µ i , i = 1, 2), it may beĴ = 3, withα 1 =α 2 = 0.75 (using a different number of neighbours:k 1 =k 2 ) andα 3 equal to 0.15 or 0.05.
Controlling the dimensionality
Finally, the question of graphical representation of the densities sample is strongly linked with the choice of the dimensional parameter J, too large value of J leading to unexploitable plots while too small ones would not reflect enough information on the densities. As motivated in Section 3.3, estimating J can be performed by means of penalised least square criterion. Precisely, we have used the penalised cross-validation technique by following the practical guidelines described in Section 4.3 for choosing the penalty (i.e. λ N was selected as in (4.6) with γ = 1. To see more on this question of choosing J, let us look more in detail on the specific Model 3 (other models have been analysed in the same way and behave similarly). For this model, Figure 3 gives more insight on choosing J. This figure plots both the standard criterion and its penalised version.
The decreasing form of the criterion CV is decreasing, as expected, and if the dimension was selected by this criterion one would have taken higher values of J leading to a very small gain in terms of prediction (see Table 2 ) and to hardly representable results. By means of the penalised approach the criterion PCV exhibits a clear global minimum leading to a selected dimensionĴ = 2. This value allows for a good representation of the densities (as attested by the low prediction error appearing in Table 2 ), as well as an easy visualization of the outputs (this will be commented later in Section 5.7). The next Figure  4 shows that the Mean Square Prediction Error in the second testing sample as a function of J (MSPE ts,J ) and its penalised version (PMSPE ts,J ) exhibit roughly the same shape as CV(J) and PCV(J), respectively (up to a vertical shift). The curves are decaying rather fast until the optimal value. Then the penalized versions grow up (P CV growing slower M SP E) while the standard versions do not grow but are rather stable after the optimal value. These facts highlight the good behaviour of cross-validation for approximating the true unknown error and show also how penalised cross-validation is efficient for choosing J. In particular the penalization avoids for selecting a too high and uninformative dimension. 
Visualisation of the results
Again for Model 3, we present in Figure 5 the representation of the sample of 50 densities. As discussed before, the dimension was selected to beĴ = 2 and the corresponding relevant levels were 0.75 and 0.05.
Clearly the pair of selected levels (α 1 ,α 2 ) = (0.75, 0.05) provides a good representation of the sample. The high probability level set C 0.75 looks similar for all densities generated by Model 3 and so reflects the main common feature in the sample (remind that in this model one has ρ = 1 for all densities). In counterpart, the small probability level set C 0.05 detects the main difference between the densities in this sample, that is the different location of the main peak (remind that in this Model 3, the angle parameter θ changes from a density to each other).
What about samples of estimated densities?
In some practical situations it may be the case that the densities f i are not known but are rather estimated by means of some usual preliminary bivariate nonparametric smoothers. The aim of this short Section 6 is to show how the general methodology, presented before along Sections 2 and 3 for known den- sities, behave similarly for estimated densities.
Assume that each f i is estimated by means of a finite number of observed pairs X i,j ∈ R 2 , j = 1, . . . , n i . In practice one often has unbalanced data in the sense that the densities f i are built from samples not necessarily having the same size. For a simple presentation of the following, we put forward the following hypothesis: ∀i = 1, . . . , N, n i ∼ K i n.
Similarly, for each α, the level set C α,i of the density f i is not observed but rather estimated by means of the plug-in estimator derived from each estimated density. We will denote by f i,n the estimate of each unknown density function f i and by C α,i,n the i-th estimated set with probability content α.
Basically, applying the functional nonparametric methods (both the single method in Section 2.2 and the additive one presented in Section 3) to the new data (f i,n , C α,i,n ) rather than to the theoretical ones (f i , C α,i ) will have no influence on the theoretical properties of the estimated parameters. The reason for this is rather simple: since the smoothing procedures leading to the construction of (f i,n , C α,i,n ) are bi-dimensional nonparametric problems, they induce an estimation error which is of much smaller order than the method itself (since this is subsequently an infinite dimensional nonparametric problem).
Technical assumptions quantifying these ideas are presented and commented along Section C in the Appendix, along which we will give some general result (see Theorem 5) stating the asymptotic properties of the procedure.
An application to real electoral data
The most important way of political participation for people in democratic countries is certainly to vote in electoral calls. Nevertheless the participation in elections is usually far from 100%: many people decide not going to vote for several reasons. A relevant question is if there exists some relationship between the political ideology of a given voter and its decision of going or not to vote in a particular election. In Spain it is given as a fact that potential left-wing parties voters usually participate in elections less than right-wing parties voters. We analyze the relationship between position on the left-right wing political dimension and the willingness to vote. Given that individual data are not available we use aggregated data at level of polling stations (lists of around 1000 people that vote at the same ballot box because they live in the same small area). Specifically we use electoral results from 2011 Spanish general elections.
For each polling station the available information allows us to define these two variables: participation (proportion of potential voters that finally vote) and proportion of votes for right-wing parties. Observe that this last variable is not exactly the same as the proportion of potential voters with right-wing political ideology. Unfortunately we only know what do vote the people who actually vote. Nevertheless, if the size of the polling station is small compared with the size of the city it is sensible to believe that both quantities should be similar. This is because in big cities, conditioning on the polling station of a voter is almost equivalent to conditioning on many economical, educational and sociological variables that simultaneously determine both decisions: to vote or not to vote? and what to vote?.
We formally need the following assumption:
The political orientation (left-right wing) of a potential voter and his/her decision of voting or not are conditionally independent, given the polling station where he/she votes.
This assumption allows us to use observed aggregated data at the level of polling stations to study the joint distribution of political orientation and participation.
We consider the 100 cities in Spain with the largest number of polling stations (82 or more). For each of these cities we have a list of observations of the bivariate random variable (proportion of votes for right-wing parties, participation), an observation for each polling station. We use then a bivariate kernel density estimator to obtain from this list an estimation of the joint distribution of these two variables at each of the 100 cities considered in our study. Therefore we have a functional dataset of length 100 consisting on bivariate densities. As a matter of illustration, Figure 6 shows the density level sets corresponding to the 6 municipalities with the largest numbers of polling stations. In top plots probability content is α = 0.5 which is the recommended level set by the quick rule given in [6] when using only one level set, while in bottom plots one has α 1 = 0.25 and α 2 = 0.75 as recommended by the quick rule given in [6] when using two level sets.
For applying our procedure, we divide the set of 100 density functions in two subsets: a learning sample with the N = 50 cities with odd numbers in the list of municipalities sorted by number of polling stations, and a test sample with the other. Five additive models (one for each J ∈ {1, . . . , 5}; see equation 3.1) are fitted with the learning sample, as explained in Section 3. The statistical procedures are similar to those used in Section 5. Then, for each model, we compute the estimates based on the learning sample to determinê α j ,k j , j = 1, . . . , J, J = 1, . . . , 5. At the end, to see how the various fitted additive models behave, we have applied these estimates to the testing sample, and we have computed R 2 ts,J , J = 1, . . . , 5. All of these quantities have been defined in Section 5, and the results obtained for these various statistics are summarized in Table 3 .
The first three rows of the table correspond to the raw data. It is apparent that the best additive model includes only one level set with probability content α = 0.95. This is a clear indication that the main differences between densities are in their support, and they may reflects differences in location, dispersion and/or shape. The upper panel of Figure 7 shows the density level set with probability content α = 0.95 for the 6 cities with the largest numbers of polling stations. These graphics show that these six densities are different in location (compare Madrid and Barcelona, for instance), dispersion (Valencia is more concentrated than Madrid, for instance) and shape (Sevilla is quite different from the rest, but also Barcelona, Málaga and Valencia are quite different from Madrid and Zaragoza). These differences where less clear in the upper panel of Figure 6 (here the main findings are the differences in location and the different shape of Sevilla), where α = 0.5 is used, according to the quick rule proposed in [6] . Other procedures proposed in that paper (namely, those based on ranks of distances) lead to choose a probability content of at least 0.9, in agreement with what we obtain here with the additive model (3.1). Density level sets corresponding to the 6 municipalities with the largest number of polling stations. In grey, the level sets corresponding to the whole country. Probability contents have been chosen according to the quick rule proposed in [6] . Upper panel: Raw data, the probability content is α = 0.50. Lower panel: Centred data, probability contents are α 1 = 0.25 and α 2 = 0.75.
In order to remove the "differences in location" effect from the analysis, we consider the estimated density functions from the centred data at municipality level, so that all the densities are centred at (0, 0). The last three rows in Table 3 show the corresponding results. Now two level sets are required in the additive model, having probability contents α 1 = 0.95 and α 2 = 0.65. Again the presence of the largest allowed probability content indicates big difference in density supports. Following the recommendation of the second fitted additive model, the lower panel of Figure 7 shows the density level sets with probability contents α 1 = 0.95 and α 2 = 0.65 corresponding to the centred data of the 6 municipalities with the largest numbers of polling stations. Now the differences among cities in dispersion (Valencia is the most concentrated, and Sevilla the most dispersed) and shape (all the cities appear to be different from the other) are emphasised, and they are clearer than when following the quick rule proposed in [6] for 2 levels sets (α 1 = .25 and α 2 = 0.75; see the lower panel of 6). When using the procedures based on ranks of distances proposed in [6] , the probability contents that are obtained are α 1 = 0.67 and α 2 = 0.95, very close to those obtained here with the additive model (3.1). The advantage of our proposals in this paper over those in [6] is that now we have a rule for choosing the number J of required level sets. In the present example this number is J = 2, according to Table 3 .
Conclusions
This paper has used recent advances on nonparametric statistics for functional variables and on dimension estimation, for constructing in a data-driven way a reasonably small number of level sets for representing a family of bivariate density functions. From an applied point of view, its is shown through a wide scope of simulated models that the method combines both easiness of representation of the outputs and visualisation of the main features of the densities. This appealing finite sample behaviour goes together with theoretical optimality results. Finally it is worth being noted that this is, as far as we know, the first paper using nonparametric functional data methodology for dealing with objects being much more complicated than standard one dimensional curves. In most of applications in functional regression the explanatory variable is a one dimensional curve (see for instance [20] , [21] , [12] , [16] ) and the response is scalar. The nonparametric methodology has been extended and used also to responses being also a one dimensional curve (see eg [11] or [10] ), but in the situation depicted in this paper both the explanatory variables (which is a compact two dimensional set) and the response one (which is a bivariate density) are not simple one-dimensional curves. Fig. 7 Example of density level sets corresponding to the 6 municipalities with the largest number of polling stations. In grey, the level sets corresponding to the whole country. Probability contents have been chosen according to the additive model (3.1); see also Table 3 .
Upper panel: Raw data, the probability content is α = 0.95. Lower panel: Centred data, probability contents are α 1 = 0.95 and α 2 = 0.65.
A Asymptotic theory for the procedure in Section 2
Identifiability of the model and main theoretical result
The complexity of the data makes necessary to attack the problem in a much flexible way, and this is the reason why we adopted a nonparametric strategy. Said with other words, in the model (2.1) Rα is a nonlinear operator from C into F and α is a functional error α = α(x) satisfying ∀x ∈ R 2 , E α(x) = 0 and E α(x) 2 < ∞.
This regression model will serve for giving a precise definition of what is the best level. Basically, the wish is to represent the density function f (or more generally its transformation g = φ(f )) in an optimal way and this can be obtained by using as level α 0 the one leading to the smallest variance in the error term of the regression model. Precisely, one will define an optimal probability content α 0 in the following way:
that, it is implicitly supposed that such a value α 0 exists and is unique.
The next Theorem 1 states the asymptotic optimality of the procedure.
Theorem 1 Under the conditions (A.4)-(A.12) one has
As a direct consequence of this result, one has the following corollary which states the main theoretical result of this section that is the consistency of the data-driven selected level towards the true theoretical one.
Corollary 2 Under the conditions of Theorem 1 and if in addition (A.13) and (A.14) hold, then one hasα
Commented assumptions for Theorem 1 and Corollary 2
The asymptotic properties of the estimated operatorR h,α can be derived directly from the recent advances obtained in nonparametric regression when both explanatory and response variables are functional (see for instance [11] for asymptotic normality and [10] for uniform rates of convergence). These consistency results are not our purpose here since we wish rather to discuss how this method may allow us to select the probability content α. The technical assumptions necessary for ensuring consistency properties of the estimated operatorR h,α are recalled below (see [10] ).
-Conditions on the explanatory variable. There is a function F such that for t small enough, one has
and
-Conditions on the response variable. The response variable g has conditional moments σ k x,α (c) = E(|g(x)| k |Cα = c) satisfying:
x,α (.) is continuous and bounded from below, uniformly in x and α.
(A.7)
-Conditions on the regression operator. The regression operators Rα are submitted to a smooth nonparametric model that consists in the assumption that there exist A < ∞ and 0 < β ≤ 1 such that:
-Conditions on the parameters of the estimate. The bandwidth h is assumed to be such that for some 0 < δ < 1 and some D < ∞:
while the kernel K should be such that for t small enough and for some 0 < c 3 < c 4 < ∞:
These conditions have been widely used and their high degree of generality was already pointed out in the functional nonparametric literature discussed before. The main reason for not discussing them here is that they are only needed in order to ensure the good asymptotic behaviour of the estimatorsR h,α . In other words, in what remains of the paper, the set of conditions (A.4)-(A.10) could be changed into any other set of conditions ensuring both asymptotic normality and almost sure convergence of the estimatesR h,α .
These were conditions, for fixed α, to control the asymptotic behaviour of the estimate. Now, additional conditions are necessary for ensuring the asymptotic optimality of the datadriven procedure for selecting α. These are as follows: first of all, in order to preserve generality, we let the cardinality of the set of possible levels to grow up to infinity with the sample size N through the following condition:
The weight function W satisfies, for some constants c 5 and c 6 , the following usual conditions
All these previous assumptions are needed to obtain Theorem 1, while in order to obtain Corollary 2 one needs the following additional assumptions:
(A. 13) and
Condition A.13 just means that the set on which α is selected is sufficiently rich, while Condition A.14 insures that two different levels contain sufficiently different information on the underlying density.
B Asymptotic theory for the procedure of Section 3
Identifiability of the model
To ensure the identifiability of the model (3.1, we introduce additive versions of the usual uniqueness condition (A.1). We assume that there is some integer J 0 ≥ 1 and some vector (α 1 0 , . . . , α
Of course, because of the additive structure, as long as J 0 satisfies (B.1) then any integer greater than J 0 does so, too. To avoid this problem, it is assumed that J 0 is the smallest integer such that (B.1) holds.
In the next result, one sets the consistency of the data-driven selected level defined in (3.3) towards the true theoretical optimal ones. Its proof consists in iterative using of the results stated before when one single level set had to be selected (see Corollary 2) .
Asymptotic behaviour of the procedure C Asymptotic theory for the procedure in Section 6
Commented assumptions for Theorem 5
We may quantify these ideas by means of the following general assumptions:
Of course, there is a doubly asymptotic problem to address (asymptotics on n and N ). That means that, to give sense to both conditions before, one has to assume that:
Theorem 5 states precisely that the parameters estimated when using the sampled densities f i,n have asymptotic properties similar to those of the parameters that could have been theoretically estimated when using the true unknown densities f i . However, before that, it is worth pointing out the high degree of generality of the conditions (C.1) and (C.2). The functional nonparametric literature (see, for instance, the book by [12] ) provides evidence that in most cases one has F (h) = Op(h) (other cases being more of mathematical relevance than really linked to practical purposes), while the standard quadratic errors in functional literature (see, for instance, [11] ) are known to be of the form
and so can be optimised (when F (h) ∼ Ch)) and becomes (because β ≤ 1)
On the other hand, the standard literature on bivariate nonparametric estimation shows that most density smoothers (kernel, splines, wavelets, etc.) may reach, if each density has for instance k continuous derivatives, the usual optimal rate of convergence
Looking at (C.5) and (C.6), it is easy to see that (C.1) is satisfied as soon as each density f i has more than 1 derivative. In the same way, the literature on level sets estimation has established that under mild conditions limn d λ (C α,i,n , C α,i ) = 0, almost surely or in probability, and furthermore rates of convergence have already been derived ( [2] , [3] , [4] , [18] ). For instance, for bivariate density functions, [2] shows that the error of estimation has the rate n −η , for any 0 < η < κ/(4 + 2κ),
when h is of exact order (log n/n) (1+κ)/(4+2κ) , where κ > 0 is a parameter controlling the steepness of the target density function f : assumption (F1) in [2] establishes that there exists an interval [a, b] ⊆ (infx f (x), sup x f (x)) and a positive constant K such that for all c in [a, b] P (|f (X) − c| < ) ≤ K κ when X is a random variable with density f . Intuition tells us that the steeper f is (large κ), the faster the rates will be. Assuming that κ > 4 and looking at (C.5) and (C.7) one also sees that (C.2) is satisfied.
Some asymptotics
In the next theorem one will see basically that, pending to the conditions discussed just before, all the procedures studied before in this paper have the same asymptotic properties in the situation of sample of estimated densities as those they have for samples of known densities.
Theorem 5 Let us consider the model defined by (2.1) and (A.1) and denote byαn the probability content obtained by minimising (2.3) when changing (f i , C α,i ) into (f i,n , C α,i,n ). 
D Proofs
Proof of Theorem 1
We present the proof in a very synthetic way, simply emphasising the specificities linked with the two main contributions in this paper, namely the functional nature of the response and the double simultaneous choice of h and α. For a fixed x ∈ R 2 , results in [19] ensure that the pointwise cross-validation criterion
has the same asymptotic behaviour (up to a constant term independent on h and α) as the pointwise theoretical error It now suffices to take (h, α) = (h 1 , α 1 ) and (h , α ) = (ĥ,α) to arrive at the professed result (A.2).
Proof of Corollary 2
The conditions (A.13) and (A.14) allow us to see that one has:
∀ > 0, ∃η > 0, |α − α 0 | > ⇒ Err(ĥ, α) > η.
By applying this with α =α, we obtain
On the other hand, by using the equivalence stated in Theorem 1, one obtains
Finally, standard results in functional regression (see [11] ) lead to
The three last results are enough to prove Corollary 2.
Proof of Theorem 3
This proof is omitted, since it consists only in performing successive iterations of the proof of Corollary 2 stated before. Precisely one can state equivalence results for each direction j = 1, . . . , J between the data-driven criterion CV j and its theoretical counterpart Err j defined as
Then, by following the same lines as along Corollary 2 one could state that (B.2) holds for the parameters that would have been selected by minimizing the theoretical errors Err j and, because of the above mentioned equivalences, that it holds also for the cross-validated parameters as claimed in Theorem 3.
Proof of Corollary 4
Because of (3. The proof of Theorem 3 is now complete.
Proof of Theorem 5
This proof follows line by line the proofs of Theorems 1 and 3. At each step one can change (f i , C α,i ) into (f i,n , C α,i,n ). All the additional errors terms appearing with this change can be seen to be negligible because of (C.1), (C.2) and (C.4).
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